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Abstract
Previous attempts to match the exact N = 4 super Yang-Mills expression
for the expectation value of the 12 -BPS circular Wilson loop with the
semiclassical AdS5 × S5 string theory prediction were not successful at
the first subleading order. There was a missing prefactor ∼ λ−3/4 which
could be attributed to the unknown normalization of the string path
integral measure. Here we resolve this problem by computing the ratio
of the string partition functions corresponding to the circular Wilson loop
and the special 14 -supersymmetric latitude Wilson loop. The fact that
the latter has a trivial expectation value in the gauge theory allows us
to relate the prefactor to the contribution of the three zero modes of the
“transverse” fluctuation operator in the 5-sphere directions.
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1 Introduction
One of the central elements of the gauge-string correspondence is that the
expectation value of the Wilson loop operator should be given by the string
path integral [1]. In the context of the maximally supersymmetric AdS/CFT
duality this translates, in particular, into the relation between the large N
expectation value of the locally-supersymmetric Wilson loop in N = 4 SYM
theory [2, 3] and the AdS5 × S5 superstring path integral on a disc with
appropriate boundary conditions on a contour at the boundary ofAdS5 and in
S5. Checking this precisely is non-trivial as it requires a careful normalization
of the string path integral (which is subtle even in flat space, cf. [4]).
The simplest well-defined example is the 12 -BPS circular WL [5],[6] the
expectation value of which can be found exactly on the gauge theory side
due to underlying superconformal symmetry [7, 8, 9]. Considering the planar
limit and expanding at strong ’t Hooft coupling λ = g2YMNc, one finds
WC = 2√
λ
I1(√λ) = √2√
pi
1(√λ)3/2 e√λ (1 − 38√λ +⋯), λ≫ 1 . (1.1)
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The corresponding AdS5 × S5 superstring partition function expanded near
the AdS2 minimal surface ending on a circle at the boundary of AdS5 should
have the following expansion in inverse string tension T = √λ2pi [10]1
WC = n0 exp [√λ + c1 + c2√
λ
+O(λ−1/2)] , (1.2)
where
√
λ term comes from the classical string action, c1 is one-loop string
sigma-model correction, etc. Here n0 is a potential overall factor of normal-
ization of the string path integral measure on a disc.
The computation of the superstring fluctuation determinants in [11, 12]
and [13] gave the one-loop value c1 = −12 log(2pi), reproducing the pi-factor in
(1.1), with the remaining λ−3/4 and power of 2 factor to be attributed to the
presence of the n0 normalization factor. It was suggested in [8] that λ−3/4
may be related to the subtraction of the Mo¨bius symmetry volume (or the
ghost determinant zero modes) on the disc (see also [14]).
Our aim here will be to reproduce the exact prefactor in (1.1) and thus
establish finally the precise matching between the gauge theory and string
theory predictions at the two leading orders at strong coupling. Instead of
computing the normalization n0 directly we will consider the ratio of the
circular WL expectation value to the expectation value of 14 -supersymmetric
WL [15] generalizing circular loop to the case when the string surface ends
also on a big circle of S5. The residual global supersymmetry (this loop
preserves 2 out of 8 Q-supercharges) implies the trivial expectation value for
this loop for all values of λ
WL = 1 , (1.3)
as anticipated in [15]. This non-renormalization theorem can be rigorously
proven using superspace arguments in the N = 4 gauge theory [16]. While
checking (1.3) directly on the string side would again require the knowledge
of the string measure factor n0, one may consider the ratio of the two expec-
tation values WC/WL in which the nuisance factor n0 cancels out. Assuming
non-renormalization of WL, the 1-loop string theory computation should re-
produce the precise factor appearing in (1.1). The appearance of λ−3/4 can
then be attributed to the normalization of the three zero modes of the S5
1To simplify the notation we will not use separate letters for the gauge theory and
string theory results as they should be eventually shown to be equal.
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fluctuation operator that arise due to degeneracies of the minimal surface for
WL [15]2.
We used the label L in (1.3) to indicate that this 14 -supersymmetric WL
is a special case (θ0 = pi2 ) of a more general 14 -BPS “latitude” WL [17, 18]
depending on the latitude angle parameter θ0:
WL ≡WL(λ, θ0 = pi
2
) . (1.4)
The case of θ0 = 0 corresponds to the 12 -BPS circular WL and in general
the exact expression for the expectation value of this loop WL(θ0) is given
by (1.1) with the replacement λ → λ cos2 θ0, i.e. WL(λ, θ0) = WC(λ cos2 θ0)
[18, 19]. The computation of the ratio WL(λ, θ0)/WC on the string side was
suggested in [20] and developed in [21] and later led to precise checks of the
correspondence with gauge theory result, first in small θ0 expansion [22] and
then for general 0 < θ0 < pi2 [23], reproducing
WL(λ, θ0)
WC(λ) = exp [−√λ(1 − cos θ0) − 32 ln cos θ0 +O(λ−1/2)] , θ0 < pi2 . (1.5)
The aim of the present paper is to extend the discussion in [23] to the special
case of θ0 = pi2 when the S5 fluctuation operator develops 3 zero modes and to
show that in this case WC/WL is also in full agreement with (1.1), including
the enigmatic λ−3/4 and √2 factors.
We shall start in section 2 with a brief review of the definitions of WC and
WL in gauge theory and the corresponding minimal string surfaces in AdS5×
S5. Semiclassical expansion near a minimal string surface will be discussed
in section 3, paying special attention to the contribution of zero modes of
the quadratic fluctuation operator present in the special θ0 = pi2 latitude case.
The relevant determinant will be computed in section 4 demonstrating that
the string theory prediction for the ratio WL/WC is in perfect agreement with
the gauge-theory results (1.1),(1.3) expanded at large λ. Properties of the
conformal anomaly in the presence of zero modes, used in the intermediate
steps of the derivation, are reviewed in the Appendix.
2The absence of the λ−3/4 factor in (1.3) may be then understood as a result of the
cancellation between the normalizations of the 3 Mo¨bius symmetry zero modes of the ghost
operator in conformal gauge and the 3 zero modes of the S5 fluctuation operator.
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2 Setup
2.1 Wilson loops
The Wilson loop expectation value in N = 4 super-Yang-Mills theory [2] is
given by
W (C;n) = 1
N
⟨ tr P exp [i∫
C
dτ (x˙µAµ + i∣x˙∣nIΦI)]⟩. (2.1)
The spacial contour will always be the unit circle: xµ = (cos τ, sin τ,0,0),
while for the scalar coupling we consider two different cases: the pure circular
loop with constant coupling to scalars and the latitude. The coupling of the
Wilson loop to scalars is parameterized by a unit 6-vector nI on S5, best
represented for our purposes as an S1 × S3 fibration over an interval,
n = (cos θk, sin θ cosϕ, sin θ sinϕ) , (2.2)
where k is a unit 4-vector. The circular loop and the special latitude corre-
spond to
C ∶ θ = 0, k = (1,0,0,0) , ϕ = any,
L ∶ θ = pi
2
, k = any, ϕ = τ. (2.3)
On the north pole of the 5-sphere S1 shrinks to zero size and consequently
ϕ can take any value, while on the equator S3 shrinks to zero size and k can
be arbitrary. The vector k is not an extra parameter of the contour but will
reappear as such in the string-theory calculation where the string will move
away from the locus where S3 is shrunk to a point.
As discussed above, the expectation value of the 14 -supersymmetric lati-
tude is trivial, and its ratio to the circular loop can be calculated exactly (cf.
(1.1),(1.3))
WL
WC
= √λ
2I1 (√λ) λ→∞≃
√
pi
2
λ
3
4 e −√λ. (2.4)
2.2 String solutions
In string theory, the Wilson loop is represented by a disc partition function
which at strong coupling is saturated by the area law in AdS5 × S5:
W (C;n) λ→∞= n0 Sdet− 12K e −√λ2pi Amin , (2.5)
5
where Amin is the (regularized) minimal area, that depends on the contour
at hand, K is the quadratic form of string fluctuations around the minimal
surface and n0 is the measure factor discussed in the introduction.3
The metric of AdS5 ×S5 that corresponds to the Poincare´ coordinates in
AdS5 and to the parameterization (2.2) of the sphere is
ds2 = dX2µ + dZ2
Z2
+ dθ2 + sin2 θ dϕ2 + cos2 θ dΩ2S3 . (2.6)
The AdS part of the string solution is the same for the circle and latitude:
C/L ∶ Xµ = (cos τ, sin τ,0,0)
coshσ
, Z = tanhσ . (2.7)
For the circle the string always stays at θ = 0 and the dynamics on S5 are
trivial, while for the latitude the string has a non-trivial profile in S5 [15]:
L ∶ cos θ = tanhσ, ϕ = τ , (2.8)
where σ ∈ (0,∞) and τ ∈ (0,2pi) are the world-sheet coordinates. The unit
4-vector k remains arbitrary, meaning that there is a whole three-parametric
family of solutions. All these solutions are different, because θ < pi/2 in the
interior of the worldsheet and consequently S3 inflates to a finite size away
from the boundary at σ = 0 (Z = 0).
Both of these solutions are in the conformal gauge, i.e. the induced world-
sheet metric is
ds2ind = Ω2 (dτ 2 + dσ2) , (2.9)
with the conformal factors being
Ω2C = 1
sinh2 σ
, Ω2L = 1
sinh2 σ
+ 1
cosh2 σ
. (2.10)
3 Semiclassical string quantization
The semiclassical formula (2.5) can be readily applied to the circle, but has
to be modified for the latitude to take into account the three-parametric
degeneracy in the minimal surface. We briefly review the general formalism
3This semiclassical formula gets modified if the minimal surface is degenerate and K
develops zero modes. Modifications are non-trivial and discussed in detail later.
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of collective coordinates and then apply it to the case of the latitude Wilson
loop.
Suppose that a path integral of some field theory is saturated by a classical
field configuration Φcl that depends on n parameters ϕi. These parameters
are traded for collective coordinates by the change of variables in the path
integral. The general formula for the semiclassical partition function is
∫ DΦ e − 1h̵ S[Φ] h̵→0≃ ∫ n∏
i=1
dϕi√
2pih̵
det
ij
1
2 ⟨∂Φcl
∂ϕi
,
∂Φcl
∂ϕj
⟩Sdet′ − 12K e − 1h̵ S[Φcl],
(3.1)
where K is the quadratic form of the action expanded around the classical
solution:
K = δ2S
δΦ δΦ
. (3.2)
The quadratic form has zero modes, because
K ⋅ ∂Φcl
∂ϕi
= ∂
∂ϕi
δS
δΦ
= 0, (3.3)
and those should be omitted (which is marked by prime on Sdet), as they are
already accounted for by the collective coordinates. The first determinant
factor in (3.1) is the Jacobian of this transformation. Finally, the factor
of 1√
2pih̵
comes from the missing Gaussian integral over each of the n zero
modes.4
We can now apply this general result to the latitude normalized by the
expectation value of the circle. According to the AdS/CFT dictionary, the
h̵ of string theory is the inverse string tension
h̵ = 2pi√
λ
. (3.4)
From (2.2), (2.8) we find:
∂ncl
∂ϕi
= (tanhσ ∂k
∂ϕi
,0,0) , (3.5)
where ϕi are the three angles on the three-sphere. Since no other factor de-
pends on k, the integral over the collective coordinates just gives the volume
4The standard normalization of the measure is such that a Gaussian integral over each
quadratic fluctuation mode should not depend on h̵.
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of S3: ∫
S3
d3ϕ det
ij
1
2
∂k
∂ϕi
⋅ ∂k
∂ϕj
= Vol(S3) = 2pi2. (3.6)
Taking into account that the (regularized) minimal area Scl = −2pi for the
circle [5, 6] and 0 for the latitude [15]5, one finds:
WL
WC
= 2pi2(2pi)3 λ 34 e −√λ ⟨ψ0 ∣Ω2L∣ψ0⟩ 32 Sdet
1
2KC
Sdet′ 12KL , (3.7)
where
ψ0 = tanhσ (3.8)
is the zero mode of the fluctuation operator on S5.
The norm of the zero mode is defined with respect to the induced metric
on the string worldsheet and contains the scale factor Ω. We reserve the
bracket notation for the conventional unit norm, thus
⟨ψ1, ψ2⟩ = ∫ dτ dσΩ2ψ∗1ψ2 = ⟨ψ1 ∣Ω2∣ψ2⟩ . (3.9)
The explicit form of the one-loop contribution has been worked out by
applying the general formalism of [10, 25] to the minimal surface of the
circular loop [10, 11] and the latitude [20, 21]:
SdetK = det3K1 det3K2 detK3+ detK3−
det4D+ det4D− , (3.10)
where K1 corresponds to three fluctuation modes on AdS5, K2 describes three
“transverse” modes on S5, while the remaining two S5 modes mix and result
in K3±. The Dirac operators D± originate from expanding the Green-Schwarz
action on AdS5 × S5 to quadratic order in fermions in a particular kappa-
symmetry gauge [10].
Following [20, 21, 23] we get rid of the conformal factor in the induced
metric (2.9) by a Weyl transformation. Because the conformal factors at hand
(2.10) diverge at the symmetry point of the minimal surface, this transfor-
mation is actually singular and changes the topology of the worldsheet from
5The supersymmetric latitude belongs to a more general class of BPS string solutions,
owing their existence to a non-integrable almost complex structure on AdS5 × S5. All of
these surfaces can be shown to have zero regularized area [24].
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the disk to a semi-infinite cylinder. Singularity in the Weyl transformation
induces an IR anomaly which affects the one-loop corrections and has to be
carefully taken into account [23].
Assuming the standard dependence of the fluctuation operators on the
conformal factor, K = 1
Ω2
K̃, D = 1
Ω
3
2
D̃Ω 12 , (3.11)
the flat-metric expressions6 for the circle take the form:
C ∶ K̃1 = −∂2τ − ∂2σ + 2
sinh2 σ
,
K̃2 = K̃3± = −∂2τ − ∂2σ,D̃± = −i∂ττ2 + i∂στ1 + 1
sinhσ
τ3 , (3.12)
where τi are the standard Pauli matrices. For the latitude we have:
L ∶ K̃1 = −∂2τ − ∂2σ + 2
sinh2σ
,
K̃2 = −∂2τ − ∂2σ − 2
cosh2σ
, (3.13)
K̃3± = −∂2τ − ∂2σ ± 2i (tanh 2σ − 1)∂τ + (tanh 2σ − 1) (1 + 3 tanh 2σ) ,
D̃± = − [i∂τ ∓ 1
2
(1 − tanh 2σ)] τ2 + i∂στ1 + 1
Ω sinh2σ
τ3 ∓ 1
Ω cosh2σ
.
The operator K2, which describes the three transverse fluctuations on the
sphere, has a zero mode associated with the three-parametric degeneracy of
the classical string solution.7 It is easy to see directly that ψ0 defined in (3.8)
satisfies K2ψ0 = 0. (3.14)
As was shown in [10] and explicitly checked in [23], the one-loop partition
function for the circle, Sdet − 12KC, is Weyl-invariant. For the latitude the sit-
uation is more complicated because K2 has a zero mode. In appendix A we
6We adopt notations and conventions of [20].
7For the general case of the latitude WL with θ0 ≠ pi2 (cf. (1.4)) the corresponding K2
operator has a zero mode corresponding to tanh(σ + σ0) where σ0 is defined by tanhσ0 =
cos θ0. This mode corresponding also to the p → 0 limit of the continuum spectrum, is
not, however, normalizable.
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show that the ratio ⟨ψ0 ∣Ω2∣ψ0⟩ /det′K2 shifts under Weyl rescalings by the
conventional conformal anomaly, which is eventually canceled by the contri-
butions of other string modes when they are combined together. From this
we conclude that for the latitude ⟨ψ0 ∣Ω2L∣ψ0⟩3 /Sdet′KL is Weyl invariant.
Conformal anomaly cancellation allows us to drop the conformal factor
in the ratio (3.7) and to deal with the operators (3.12), (3.13) defined on a
flat half-cylinder:
WL
WC
= 1
4pi
λ
3
4 e −√λ ⟨ψ0∣ψ0⟩ 32 Sdet 12 K̃C
Sdet′ 12 K̃L . (3.15)
This expression, taken at face value, is ill-defined due to IR divergences at
large values of σ. A way to regularize these divergences is to artificially
impose some boundary conditions (e.g. Dirichlet or Neumann) at a large
σ = RC,L and send RC,L →∞ at the end of the calculation. As shown in [23],
such regularization does not spoil conformal anomaly cancellation. While the
cutoff dependence eventually cancels in the ratio (3.15), the diffeomorphism
invariance requires to choose different cutoffs for the circle and the latitude.
The difference leaves a finite remnant in the ratio of partition functions [23].
An invariant cutoff is the worldsheet area left out by regularization:
s = ∫
σ>R d
2σ
√
h = 2pi ∞∫
R
dσΩ2, (3.16)
and this should be the same for the circle and the latitude. Using explicit
form (2.10) of the scale factors for the respective minimal surfaces, we find
that the coordinate cutoffs are related by a finite relative shift:
RC = RL − 1
2
ln 2. (3.17)
Later we will give another justification for this relationship.
The IR cutoff is necessary to define determinants on the half-cylinder. In
addition, it regularizes the zero mode normalization (cf. (3.8),(3.9))
⟨ψ0∣ψ0⟩ = 2pi R∫
0
dσ tanh2 σ = 2piR +O(1). (3.18)
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4 Determinants and phase-shifts
The determinants in (3.15) were calculated in [20, 21, 23] for a more general,
non-supersymmetric (but superconformal) θ0-latitude minimal surface and
the results relevant for our problem may be read off from there by taking the
limit θ0 = pi2 . More precisely, this works directly for all the operators except K2
which develops a zero mode in the supersymmetric limit. The determinant
of K̃2, as a result, blows up in the limit and has to be reconsidered anew by
carefully handling the zero mode.
4.1 Spectral problem for K̃2
The eigenvalues of K̃2 defined in (3.12),(3.13) are of the form ω2+p2 where ω
is an integer “Matsubara” frequency (corresponding to the τ -circle) and p2 is
an eigenvalue of a one-dimensional Schro¨dinger operator defined on functions
of σ. For the circle this operator is simply −∂2σ, while for the latitude the
Schro¨dinger equation is
(−∂2σ − 2
cosh2 σ
)ψ = p2ψ. (4.1)
The solution satisfying the boundary condition ψ(0) = 0 is
ψ(σ) = p sinpσ + tanhσ cospσ. (4.2)
Notice that for p = 0 we recover the zero mode eigenfunction ψ0 in (3.8).
The operator (4.1) has a continuous spectrum in infinite volume. To
define the determinant we need to regularize the problem which we do by
imposing the Neumann boundary condition at σ = RL:
ψ′(RL) = 0. (4.3)
The precise form of the boundary condition is not so important, but it has
to be consistent with the existence of the zero mode. The Dirichlet condition
ψ(RL) = 0, for instance, eliminates the zero mode and, if imposed, spoils
connection to the original spectral problem for the undeformed operator K2.
A more rigorous regularization prescription consists in gradually elim-
inating the scale factor by replacing Ω with Ωα in (3.11), as done in the
appendix A. Weyl invariance of the string partition function guarantees that
the answer does not depend on α, and one can eliminate the scale factor by
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taking α → 0. The scale factor for a very small but finite α is approximately
equal to one on a wide interval e −1/2α ≪ σ ≪ 1/α. The divergence of Ωα at
small sigma reinforces the boundary condition ψ(0) = 0, while exponential
decay at σ ∼ 1/α introduces an effective IR cutoff. Defining the cutoff scale
through Ωα ≃ C, we find that R ≃ lnC/α + ν/2, where ν = 2 ln 2 for the circle
and ν = 3 ln 2 for the latitude, giving an alternative explanation to the re-
lationship (3.17) between the respective IR cutoffs. With some effort these
arguments can be made more precise; here we will not go deeper into the
technical details, which are relatively sophisticated, but at the end give the
same result as the simple-minded Neumann boundary condition.
At large σ the wavefunction (4.2) assumes the asymptotic form, valid up
to exponential corrections:
ψ(σ) ≃ √p2 + 1 sin (pσ + δ(p)), (4.4)
with the phase-shift equal to
δ(p) = pi
2
− arctanp. (4.5)
The Neumann boundary condition imposes momentum quantization
pnRL + δ(pn) = pi(n + 1
2
). (4.6)
In this language the zero mode (p0 = 0) arises because δ(0) = pi2 .
The determinant of K̃2 requires also a UV regularization at large mo-
menta. We will use Pauli-Villars regularization, following [26], and define
the regularized determinant by
detreg K̃L2 = det′ K̃L2
det (K̃L2 +M2) = 1M2 ∏(ω,n)≠(0,0) ω
2 + p2n
ω2 + p2n +M2 , (4.7)
which can also be written as
detreg K̃L2 = 1M2 ∏ω≠0 ∞∏n=0 ω2 + p2nω2 + p2n +M2 ∞∏n=0 p2n+1p2n+1 +M2 . (4.8)
Eventually we will divide this by the corresponding determinant for the circle,
the wavefunction for which is ψ(σ) = sinpσ and the momentum quantization
condition is just
p¯nRC = pi(n + 1
2
). (4.9)
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This has no zero mode, and the term with (ω,n) = (0,0) need not be excluded
from the product:
detreg K̃C2 =∏
ω,n
ω2 + p¯2n
ω2 + p¯2n +M2 . (4.10)
The difference between RL and RC, given by (3.17), can be absorbed into
the redefinition of the phase-shift:
δ(p)→ δ(p) + p
2
ln 2, (4.11)
after which RC can be used as an IR cutoff for both the circle and the latitude;
we will denote it simply by R to simplify the notations. The momentum
quantization condition (4.6) then reads:
pn − p¯n = − 1
R
(δ(pn) + pn
2
ln 2) . (4.12)
The product in (4.8) receives contributions from the two type of modes,
the regularized continuous spectrum with n ∼ R and the near-zero modes
with n≪ R. To separate the two we introduce an intermediate scale N ≫ 1
such that
ε = piN
R
≪ 1, (4.13)
and treat separately the modes with n < N and n ⩾ N . The near-zero modes
are only important at zero Matsubara frequency ω = 0. Their contribution
to the ratio of determinants is
N−1∏
n=0
p2n+1
p¯2n
= N∏
n=0
(n + 1)2(n + 12)2 = Γ
2 (1
2
)Γ2 (N + 1)
Γ2 (N + 12) ≃ piN. (4.14)
The meaning of this formula is simple. For the circle, the wavefunction
is sinpσ, and the Neumann boundary condition picks up modes with p¯n =
pi(n + 12)/R, n = 0,1,2, . . . The first term in the latitude wavefunction (4.2)
is suppressed at low momenta, while the second term asymptotes to cospσ,
which gives pn = pin/R, n = 0,1,2, . . .. The difference in the quantization
conditions can be attributed to the non-vanishing phase-shift at zero mo-
mentum, for the latitude: δ(0) = pi2 . The zero mode for the latitude should
be dropped from the product which amounts to shifting the mode number:
n → n + 1. This shift affects only the zero Matsubara frequency and can be
equivalently described as a phase-shift redefinition:
δ(p)→ δ(p) − pi. (4.15)
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For the contribution of the continuous spectrum, the summation over n
can be replaced by integration, and with the help of (4.12) we get:
∞∑
n=N (f(pn) − f(p¯n)) = −
∞∫
ε
dp
pi
f ′(p)(δ(p) + p
2
ln 2), (4.16)
up to corrections that vanish at R → ∞. Applying this formula to (4.8),
taking into account an extra shift (4.15) for the zero Matsubara frequency
and adding the low-momentum contribution (4.14), we get for the ratio of
determinants:
detreg K̃L2
detreg K̃C2 = piNM2 exp [ − 2
∞∫
ε
dp
pi
(δ(p) + p
2
ln 2)∑
ω≠0 ( pω2 + p2 − pω2 + p2 +M2)
−2 ∞∫
ε
dp
pi
(δ(p) + p
2
ln 2 − pi)(1
p
− p
p2 +M2)]. (4.17)
As a next step, we perform summation over ω and explicitly integrate the
pi term in the last integral. The UV logarithm from this integral neatly can-
cels the UV divergence due to the zero mode (1/M2 in the prefactor), which
is not surprising as they both originate from the “spectral flow”: omitted zero
mode leaves an uncompensated mode in the regulator determinant and, at
the same time, shifts up mode numbers by one, which is ultimately responsi-
ble for the extra UV log. The IR part of the log combines with the auxiliary
scale N to form the physical IR cutoff R. Using the definition (4.13), we
find:
detreg K̃L2
detreg K̃C2 = R exp [ − 2
∞∫
ε
dp (δ(p) + p
2
ln 2)
× ( cothpip − p√
p2 +M2 cothpi√p2 +M2) − ln ε]. (4.18)
The dependence on ε in the exponent is fake, it actually cancels out because
the momentum integral is log divergent on the lower limit.
4.2 Phase-shifts and other operators
The determinants of the other operators in (3.13) are substantially simpler,
because they have no zero modes, and can be expressed through the phase-
14
shifts for the respective 1d operators. The explicit expressions for the phase-
shifts (taken from [23]) are:
C ∶ δ1(p) = −arctanp ,
δ2(p) = 0 ,
δ3(p) = 0 ,
δF (p) = −arctan 2p , (4.19)
for the circle and
L ∶ δ1(p) = −arctanp ,
δ2(p) = pi
2
− arctanp ,
δ3(p) = 1
2
arctanp − 1
2
arctan
p
2
,
δF (p) = −1
2
arctan 2p − 1
2
arctan
2p
3
, (4.20)
for the latitude. The only mode with δ(0) ≠ 0 is the one corresponding toK̃2, all others have δ(0) = 0 and do not produce an IR contribution similar
to (4.14).
Combining the contributions of all the modes together we find:
Sdet′KL
SdetKC
= R3 exp [ − 2 ∞∫
ε
dp∑
a
(−1)Fa (δLa (p) − δCa (p) + p2 ln 2)
× coth(−1)Fa pip − 3 ln ε], (4.21)
where the sum is over all 8B + 8F string modes counted with multiplici-
ties. This formula takes into account anti-periodic boundary conditions for
fermions in τ , which entails half-integer Matsubara frequencies and replace-
ment of coth by tanh in the momentum integral. The UV divergences in
the momentum integral happen to cancel, allowing us to drop the regulator
term. The IR scale R cancels in (3.15) the divergent norm of the zero-mode
wavefunction (3.18)8.
8The IR cutoff in (3.18) is RL while the prefactor in the ratio of determinants is RC.
Their difference, of order one, was important to keep in the exponent, but in the pre-factor
this difference is immaterial as long as R →∞.
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The final result for the semiclassical string theory expression for the ratio
of the two Wilson loops is thus
WL
WC
= √pi
2
λ
3
4 e −√λ Z1−loop , (4.22)
where Z1−loop given by
lnZ1−loop = ∞∫
ε
dp∑
a
(−1)Fa (δLa (p) − δCa (p) + p2 ln 2) coth(−1)Fa pip + 32 ln ε
(4.23)
is the genuine contribution of the string fluctuations. It is interesting to note
that the zero modes produce the factor
√
pi
2 λ
3
4 in (4.22), which itself happens
to agree already with the prefactor in the gauge-theory prediction in (2.4).
4.3 String fluctuations
To compute the momentum integral in (4.23) we first see that
∑
a
(−1)Fa (δLa (p) − δCa (p) + p2 ln 2)= (3pi
2
− arctan p
2
− 2 arctanp)
B
+ 4(arctan 2p
3
− arctan 2p)
F
.(4.24)
The combined expression decreases very fast at infinity, as 1/p3, and can be
integrated just by itself:
JI = ∞∫
0
dp (−1)Fa (δLa (p) − δCa (p) + p2 ln 2) = 6 ln 32 . (4.25)
In the full integral (4.23), the bosonic/fermionic part of (4.24) is multiplied
by cothpip/tanhpip. After subtracting 1 from the hyperbolic functions, each
term in the sum converges individually and all the terms can be integrated
one by one. The basic integrals are
JII = ∞∫
0
dp (cothpip − 1)arctan p
z
= ln Γ(z) − (z − 1
2
) ln z + z − 1
2
ln 2pi ,
JIII = ∞∫
0
dp (tanhpip − 1)arctan p
z
= ln Γ(z + 1
2
) − z ln z + z − 1
2
ln 2pi . (4.26)
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The constant term produces an IR divergent integral:
JIV = pi ∞∫
ε
dp (cothpip − 1) = − ln(2piε) . (4.27)
Finally, there is also a contribution from the common auxiliary phase-shift
originating from the difference (3.17) between RL and RC:
JV = 8 ∞∫
0
dpp (cothpip − tanhpip) = 1 . (4.28)
Collecting all the pieces together we get:
lnZ1−loop = (6 ln 3
2
)(I) + (32 ln 2pi − 12 ln 2 − 6 ln 32)(II)+(III)+( − 3
2
ln(2piε))(IV) + (12 ln 2)(V) + 32 ln ε, (4.29)
where subscripts indicate individual contributions of the integrals (4.25)–
(4.28). When the dust settles, we find
Z1−loop = 1, (4.30)
so that (4.22) becomes
WL
WC
= √pi
2
λ
3
4 e −√λ, (4.31)
in agreement with the field-theory prediction (2.4).
5 Conclusions
We have shown how string theory in AdS5×S5 reproduces the strong-coupling
asymptotics of the exact expectation value of the circular Wilson loop, which
has been known for a long time [7, 8, 9], finally nailing down the exact pref-
actor which arises due to quantum fluctuations of the string. The derivation
is not very simple and rests on an additional assumption that the super-
symmetric latitude has trivial expectation value. The latter is a theorem in
field theory [16], but an intrinsic string-theory derivation of this statement
is lacking. Perhaps it can be proven by extending the classical argument of
[24], that applies to general BPS surfaces, to quantum theory.
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It is interesting that the whole contribution to the prefactor comes from
the zero modes, while the non-zero modes cancel, as they do for the straight
line related to the circle by an (anomalous) conformal transformation. The
nature of this cancellation may shed light on a non-perturbative disc ampli-
tude, which is supposed to reproduce the whole Bessel function expression
(1.1), valid at any coupling in planar super-Yang-Mills theory.
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A Conformal anomaly and zero modes
Consider a family of 2d scalar operators (φ and E are some given functions)
K(α) = e 2αφ (−∂2 +E) , (A.1)
each having some number of zero modes:
K(α) ∣n⟩ = 0. (A.2)
The operator K(α) is Hermitian with respect to the measure
⟨ψ1, ψ2⟩α = ∫ d2σ e −2αφψ∗1ψ2. (A.3)
As in the main text, we reserve the bra-ket notations for the conventional
(α = 0) scalar product. The projector onto non-zero modes of K(α) then
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takes the form
P = 1 −∑
n
∣n⟩ ⟨n∣ e −2αφ⟨n∣ e −2αφ ∣n⟩ . (A.4)
The dependence of the determinant of K on α is governed by the conformal
anomaly. Here we give a brief derivation, emphasizing the contribution of
the zero modes, following [27].
The regularized determinant of K (with zero modes omitted) can be
defined via its zeta-function:
ln det′K = − lim
s→0 dds
1
Γ(s)
∞∫
0
dt ts−1 TrP e −tK . (A.5)
Differentiating in α, and taking into account that
∂
∂α
TrP e −tK = 2t ∂
∂t
TrPφ e −tK , (A.6)
we get
d
dα
ln det′K = 2 lim
s→0 dds
s
Γ(s)
∞∫
0
dt ts−1 TrPφ e −tK = 2 lim
t→0 TrPφ e −tK
= 2 lim
t→0 Tr(φ e −tK) − 2∑n ⟨n∣φ e −2αφ ∣n⟩⟨n∣ e −2αφ ∣n⟩ . (A.7)
The first term can be expressed in terms of the second DeWitt-Seeley coef-
ficient of K (see [27] for more details), giving
d
dα
ln det′K = − 1
2pi ∫ d2σ (α3 ∂µφ∂µφ + φE ± 12 ∂µ∂µφ) − 2∑n ⟨n∣φ e −2αφ ∣n⟩⟨n∣ e −2αφ ∣n⟩ ,
(A.8)
where the ± sign reflects the difference between the Neumann/Dirichlet boun-
dary conditions at the endpoints of the string. Integration over α gives:
ln
det′K(1)
det′K(0) = − 12pi ∫ d2σ (16 ∂µφ∂µφ + φE ± 12 ∂µ∂µφ) +∑n ln ⟨n∣ e −2φ ∣n⟩⟨n∣n⟩ .
(A.9)
This result shows that the ratio
det′K(1)∏
n
⟨n∣ e −2φ ∣n⟩ (A.10)
transforms under Weyl rescalings the same way a determinant without zero
modes would transform.
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